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Quantum coherence is a fundamental manifestation of the quantum superposition principle. Re-
cently, Baumgratz et al. [ Phys. Rev. Lett. 113, 140401 (2014)] presented a rigorous framework to
quantify coherence from the view of theory of physical resource. Here we propose a new valid quan-
tum coherence measure which is a convex roof measure, for a quantum system of arbitrary dimension,
essentially using the generalized Gell-Mann matrices. Rigorous proof shows that the proposed coher-
ence measure, coherence concurrence, fulfills all the requirements dictated by the resource theory of
quantum coherence measures. Moreover, strong links between the resource frameworks of coherence
concurrence and entanglement concurrence is derived, which shows that any degree of coherence
with respect to some reference basis can be converted to entanglement via incoherent operations.
Our work provides a clear quantitative and operational connection between coherence and entan-
glement based on two kinds of concurrence. This new coherence measure, coherence concurrence,
may also be beneficial to the study of quantum coherence.
I. INTRODUCTION
As a striking feature of the quantum mechanics,
quantum coherence arising from the principle of quan-
tum superposition is important in quantum physics.
Quantum coherence is one of the fundamental features
which mark the departure of quantum world from clas-
sical realm, and the origin for extensive quantum phe-
nomena such as interference, lasers, superconductivity,
and superfluidity. It is an essential ingredient for nu-
merous physical phenomena such as quantum optics,
quantum thermodynamics [1, 2] etc. The catalytic role
of quantum superposition states when used in thermal
operations was uncovered [1]. In [2], the authors showed
that the physical realisation of optimal thermodynamic
projection processes can come with a non-trivial ther-
modynamic work only for quantum states with coher-
ences.
Quantum coherence is also regarded as a fundamen-
tal ingredient for quantum information processing tasks
[3]. However, the comprehensive formulation of the re-
source theory of coherence was only recently presented
[4], where coherence was identified to be intuitive and
easily computable measures of coherence by adopting
the viewpoint of coherence as a physical resource. Fol-
lowing this seminal work, fruitful research has been
done, some of which was mainly devoted to finding new
appropriate measures of quantum coherence [5–9], or
studying maximally coherent states [10, 11], the issue
of ordering states with coherence measures [12], dis-
tribution of quantum coherence in multipartite systems
[13], and the relation between coherence and other mea-
sures of quantumness [14–18]. Coherence has also been
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studied in the context of incoherent quantum operations
[19–21].
Quantum entanglement is the main ingredient of the
quantum speed-up in quantum computation and com-
munication. The role of entanglement as a resource in
quantum information has stimulated intensive research
trying to unveil both its qualitative and quantitative
aspects [22]. In the theory of entanglement, concur-
rence is an important entanglement measure. Con-
currence was first introduced in Ref.[23] as an auxil-
iary tool to compute the entanglement of formation for
Bell-diagonal two-qubit states. Subsequently, Wootters
and co-workers established concurrence as an entangle-
ment measure for two-qubit states and derived com-
putable formulas for concurrence and entanglement of
formation in the two-qubit case [24, 25]. Later, gener-
alizations to bipartite higher-dimensional systems [26]
as well as for multipartite systems [27] were proposed.
Though many lower bounds for concurrence based on
various approaches were obtained [28–33], exact formu-
las were derived only for two-qubit states [25] and some
highly symmetric states [34–36]. Several meaningful ef-
forts have also been spent in generalizing the notion
of concurrence to obtain new forms of concurrences for
detecting multipartite entanglement [37–39]. For en-
tanglement quantified by the concurrence, monogamy
of multipartite quantum systems were well studied [40–
42].
In quantitative coherence theory, considerable effort
has been spent in developing many different coherence
measures, while much less is known regarding the rela-
tions between these measures, and in particular, their
connection to the resources they quantify. It is be-
lieved that—given a well-defined coherence measure—
there should be a physical resource (defined through
a protocol) that is quantified by this measure. Based
on the distance measure, the l1-norm of coherence and
2the relative entropy of coherence were quantified [4].
Intrinsic randomness measure (also called coherence of
formation) was proposed essentially using the intrinsic
randomness of measurement [8]. It equals coherence
cost, which is the minimal asymptotic rate of consum-
ing maximally coherent pure state for preparing ρ by
incoherent operation [43]. From the viewpoint of phys-
ical resource, this coherence measure indicates the op-
erational aspect of quantum coherence.
Both coherence and entanglement display quantum-
ness of a physical system. Therefore, it is meaningful
to study the interconversion between quantum coher-
ence and entanglement. In this paper we put forward a
new valid quantum coherence measure via the general-
ized Gell-Mann matrices, and derive the amount of one
resource emerges from the other.
This paper is organized as follows. In Sec. II we re-
view the framework of coherence measures and intro-
duce three valid coherence measures, i.e., relative en-
tropy of coherence, the l1-norm of coherence, and the
intrinsic randomness measure. In Sec. III, we present
a new coherence measure called coherence concurrence
for any dimensional quantum system based on the gen-
eralized Gell-Mann matrices, and prove that it is a good
coherence measure. In Sec. IV, we establish a relation
for the interconversion between entanglement and co-
herence under incoherent operations based on coherence
concurrence and entanglement concurrence. Sec. V is
outlook and conclusion.
II. REVIEW OF COHERENCE MEASURES
Before we state our main results, a review of
the framework of coherence measures is necessary.
Throughout the paper, we consider a general d-
dimensional Hilbert space H. Note that coherence is
basis dependent, we fix a particular basis, {|i〉}i=1,...,d,
of the d-dimensional Hilbert space H in which we con-
sider our quantum states. A state is called incoherent
if it is diagonal in this fixed basis and otherwise coher-
ent. The set of all incoherent states is usually labelled
as I ⊂ H. Hence, all density operators δ ∈ I are of the
form
δ =
d∑
i=1
λi|i〉〈i|, (1)
where λi are probabilities.
In the resource theory of coherence, free operations
are given by the so-called incoherent operations. An
incoherent operation is defined by an incoherent com-
pletely positive trace preserving (ICPTP) map. An in-
coherent operation ΛICPTP is a completely positive trace
preserving map such that
ΛICPTP(ρ) =
∑
n
KnρK
†
n, (2)
with the Kraus operators Kn satisfying
∑
nK
†
nKn = Id
and KnIK†n ⊂ I. For the case where measurement out-
comes are retained, the state corresponding to outcome
n is given by ρn = KnρK
†
n/pn and occurs with proba-
bility pn = tr[KnρK
†
n].
A maximal coherent state (MCS) is one that can be
used as a resource to prepare any other state of the
same dimension with certainty by means of incoherent
operations only. The following state
|Ψd〉 = 1√
d
d∑
i=1
|i〉 (3)
is a MCS. By applying the unitary incoherent oper-
ations on |Ψd〉, a set of maximally coherent states is
obtained [11]
SMCS =

 1√d
d∑
j=1
eiθj |j〉 | θ1, . . . , θd ∈ [0, 2pi)

 . (4)
A rigorous framework for quantifying coherence was
proposed in Ref.[4]. A coherence measure is a map C
from quantum states ρ to nonnegative real numbers sat-
isfying the following properties:
(C1) C(ρ) ≥ 0 for all states ρ, and C(δ) = 0 if and
only if δ is an incoherent state.
(C2) Monotonicity under incoherent operators.
(C2a) C(ρ) is nonincreasing under incoherent opera-
tions, i.e., C(ΛICPTP(ρ)) 6 C(ρ) for arbitrary inco-
herent operations ΛICPTP and states ρ. (C2b) C(ρ)
is nonincreasing on average under selective incoherent
operations, i.e.,
∑
n pnC(ρn) 6 C(ρ) for all incoher-
ent operations ΛICPTP and states ρ, where probabili-
ties pn = tr[KnρK
†
n], states ρn = KnρK
†
n/pn, and
Krause operators Kn obeying
∑
nK
†
nKn = Id and
KnIK†n ⊂ I.
(C3) Nonincreasing under the mixing processes of the
states (convexity), that is, C(ρ) is a convex function of
density matrices, i.e., C(
∑
n pnρn) 6
∑
n pnC(ρn) for
any set of states {ρn} and any probability distribution
{pn}.
Conditions (C2b) and (C3) automatically imply con-
dition (C2a) [4].
(C4) Only MCSs can achieve maximal value.
The additional requirement (C4) for coherence mea-
sure was proposed in [11].
We will introduce some valid coherence measures sat-
isfying all the four requirements. In Ref.[4], two widely
known coherence measures quantified by the minimum
distance from ρ to all the incoherent states based on
two different distance measures were presented. One is
the relative entropy of coherence, based on the relative
entropy,
Crel.ent(ρ) ≡ min
δ∈I
S(ρ ‖ δ) = S(ρdiag)− S(ρ), (5)
where S is the von Neumann entropy and ρdiag is the
dephased state in reference basis {|i〉}, i.e, the state ob-
tained from ρ by deleting all off-diagonal entries. An-
other is l1-norm of coherence, based on the l1 matrix
3norm,
Cl1(ρ) ≡ min
δ∈I
‖ρ− δ‖l1 =
∑
i6=j
|〈i|ρ|j〉|, (6)
which is the sum of the absolute value of the off-diagonal
entries of the quantum state.
A quantum coherence measure, the intrinsic random-
ness measure, essentially using the intrinsic random-
ness, was proposed in [8]. It is the first convex roof
measure for coherence. For pure state,
RI(|ψ〉〈ψ|) = S(ρdiag), (7)
which equals the relative entropy of coherence
Crel.ent(|ψ〉〈ψ|). This coherence measure is extended to
mixed state by the so-called convex roof construction
RI(ρ) = min
{pi,|ψi〉}
∑
i
piRI(|ψi〉), (8)
where ρ =
∑
i pi|ψi〉〈ψi|, pi > 0 and
∑
i pi = 1. The
quantify in the equation above is also known as coher-
ence of formation, and was studied in [43].
III. COHERENCE CONCURRENCE
In this section, a new quantum coherence measure
named “coherence concurrence”, which is a convex roof
measure, for a quantum system of arbitrary dimension,
via the generalized Gell-Mann matrices, is presented.
It fulfills not only the original four requirements (C1),
(C2a), (C2b), and (C3) of coherence measures but also
the additional requirement (C4), and thus it is a valid
coherence measure.
The generalized Gell-Mann matrices (GGM) are the
generators of SU(d) defined as the following three dif-
ferent types of matrices [44, 45]:
(i) d(d− 1)/2 symmetric GGM
Λj,ks = |j〉〈k|+ |k〉〈j|, (1 6 j < k 6 d); (9)
(ii) d(d− 1)/2 antisymmetric GGM
Λj,ka = −i|j〉〈k|+ i|k〉〈j|, (1 6 j < k 6 d); (10)
(iii) (d− 1) diagonal GGM
Λl =
√
2
l(l + 1)

 l∑
j=1
|j〉〈j| − l|l+ 1〉〈l + 1|

 ,
(1 6 l 6 d− 1).
(11)
We give a new expression of Cl1 based on symmetric
GGM. First, we introduce a lemma.
Lemma. Let A be Hermitian. If A is positive semidef-
inite, then all of its principal submatrices are positive
semidefinite [46].
Proposition. For a density matrix ρ, there is
Cl1(ρ) = 2
∑
1≤j<k≤d
|ρjk|
=
∑
1≤j<k≤d
∣∣∣∣
√
ηj,k1 −
√
ηj,k2
∣∣∣∣ ,
(12)
where ηj,k1 and η
j,k
2 are the non-zero eigenvalues of the
matrix ρΛj,ks ρ
∗Λj,ks , and ρ
∗ denotes complex conjuga-
tion in the standard basis.
Proof. We just need to prove that
2|ρjk| =
∣∣∣∣
√
ηj,k1 −
√
ηj,k2
∣∣∣∣ . (13)
After tedious but straightforward computation, the
eigenvalues of the matrix ρΛj,ks ρ
∗Λj,ks are (|ρjk| +√
ρjjρkk)
2, (|ρjk| − √ρjjρkk)2, and zeros. According
to Lemma, the square roots of non-zero eigenvalues are
|ρjk|+√ρjjρkk, √ρjjρkk−|ρjk|, which implies Eq.(13),
as required.
Next we present a new quantum coherence measure,
coherence concurrence.
For a d-dimensional pure state |ψ〉, we define its co-
herence concurrence as
C(|ψ〉) =
∑
1≤j<k≤d
|〈ψ|Λj,ks |ψ∗〉|. (14)
It is not difficult to derive that
C(|ψ〉) =
∑
1≤j<k≤d
|〈ψ|Λj,ks |ψ∗〉| = Cl1(|ψ〉〈ψ|). (15)
That is, the coherence concurrence equals l1-norm of
coherence for pure states. Then, coherence concurrence
is extended to mixed state by convex roof construction
C(ρ) = min
{pi,|ψi〉}
∑
i
piC(|ψi〉), (16)
where the minimization is taken over all possible ensem-
ble realizations ρ =
∑
i pi|ψi〉〈ψi|, pi > 0 and
∑
i pi = 1.
The decomposition attaining the minimum value is said
to be the optimal decomposition.
Theorem 1. Coherence concurrence is a valid coher-
ence measure. That is, the coherence concurrence sat-
isfies all the requirements (C1)-(C4) of coherence mea-
sures.
Proof. For pure state, coherence concurrence satisfies
(C1), (C2a), (C2b), and (C3), as coherence concurrence
equals l1-norm of coherence, while l1-norm of coherence
fulfills (C1), (C2a), (C2b), and (C3) [4]. For mixed
states, it is easy to see from the definition that the co-
herence concurrence satisfies the requirements (C1) and
(C3). As for the requirement (C2b), it can be proven
in a similar way as shown in Ref. [8]. Coherence con-
currence fulfills (C2a) since it satisfies (C2b) and (C3)
[4]. Motivated by the proof in Ref. [11], we prove that
coherence concurrence also fulfills (C4). Detailed proof
of theorem is shown in Appendix A.
4Corollary 1 (1) Coherence concurrence is not less
than the l1-norm of coherence for mixed state, i.e.,
C(ρ) ≥ Cl1(ρ) for any state ρ.
(2) For the family ρ of mixed states, a pure state
mixed with white noise, there is C(ρ) = Cl1(ρ).
It follows directly from Theorem 1 and the definition
of coherence concurrence.
The relation between coherence concurrence and
other coherence measures is listed in Table I.
IV. THE RELATION BETWEEN COHERENCE
AND ENTANGLEMENT
In this section, we establish the connection between
two quantum resources, coherence and entanglement,
via coherence concurrence and entanglement concur-
rence. First, we review the knowledge about entan-
glement concurrence CE . For bipartite pure state |ψ〉 ∈
HM ⊗HN , entanglement concurrence is defined by
CE(|ψ〉) =
√
2(1− trρ2M ), (17)
where ρM = trN (|ψ〉〈ψ|). For mixed state ρ, the con-
currence is given by the minimum average concurrence
taken over all decompositions of ρ, the so-called convex
roof construction,
CE(ρ) = min
{pi,|ψi〉}
∑
piC(|ψi〉). (18)
The convex roof is notoriously hard to evaluate, but for
two qubits mixed state, an exact formula was given [25]
CE(ρ) = max{λ1 − λ2 − λ3 − λ4, 0}, (19)
with the numbers λi (i = 1, 2, 3, 4) are the square roots
of the eigenvalues of the non-Hermitian matrix ρ(σy ⊗
σy)ρ
∗(σy ⊗ σy) in nonincreasing order, where ∗ denotes
complex conjugation in the standard basis and σy is the
Pauli matrix.
Next, we will discuss the relation between coherence
and entanglement. The following theorems provide a
strong link between entanglement concurrence CE and
coherence concurrence C.
Theorem 2. The amount of entanglement CE gener-
ated from a state ρS via an incoherent operation ΛSA,
by attaching an ancilla system A initialized in a refer-
ence incoherent state |1〉〈1|A, is bounded above by its
coherence concurrence C:
CE(Λ
SA[ρS ⊗ |1〉〈1|A]) 6 C(ρS). (20)
Proof. The combination of
C(ρS) = C(ρS⊗|1〉〈1|A) > C(ΛSA[ρS⊗|1〉〈1|A]), (21)
and
C(ΛSA[ρS ⊗ |1〉〈1|A]) > CE(ΛSA[ρS ⊗ |1〉〈1|A]), (22)
implies Ineq.(20). Detailed proof of theorem is shown
in Appendix B.
This implies that the system-ancilla state ΛSA[ρS ⊗
|1〉〈1|A] for any incoherent operation ΛSA is separable
if the initial state ρS of a d-dimensional system S is
incoherent. Namely, entanglement can be generated by
incoherent operations if the initial state ρS is coherent.
An even stronger link exists for qubit system. We
prove that inequality (20) can be saturated for the case
that both the system and the ancilla system are qubit
systems.
Corollary 2. For any qubit state ρS , there exists an
incoherent operation ΛSA such that the entanglement
concurrence of two-qubit state generated from ρS via
ΛSA, by attaching an ancilla qubit system A initialized
in a reference incoherent state |1〉〈1|A, equals the coher-
ence concurrence of ρS .
Proof. Assume that ρS =
∑2
i,j=1 ρij |i〉〈j|. We
choose two-qubit CNOT gate as needed incoherent
operation ΛSA. Note that coherence concurrence
C(ρS) = Cl1(ρ
S) = 2|ρ12| for qubit state ρS Ref.[8]
and CE(Λ
SA[ρS ⊗ |1〉〈1|A]) = 2|ρ12| by Eq.(19). Thus,
CE(Λ
SA[ρS ⊗ |1〉〈1|A]) = C(ρS) as required. The con-
clusion is proved.
This shows that the degree of coherence concurrence
in the initial state of qubit system S can be exactly
converted to an equal degree of entanglement concur-
rence between S and the incoherent ancilla qubit A by
suitable incoherent operation, CNOT gate. That is,
the mount of entanglement concurrence CE generated
from a qubit state ρS via an incoherent operation ΛSA,
by attaching an ancilla qubit system A initialized in
a reference incoherent state |1〉〈1|A, reaches the maxi-
mum value when incoherent operation ΛSA is two-qubit
CNOT gate, which is also the coherence concurrence
C(ρS).
Next we show that any degree of coherence with re-
spect to some reference basis can be converted to en-
tanglement via incoherent operations.
Theorem 3. For an arbitrary state ρS , there exists an
incoherent operation ΛSA such that the entanglement
concurrence of bipartite state generated from ρS via
ΛSA, by attaching an ancilla system A initialized in
a reference incoherent state |1〉〈1|A, has the following
inequality relation with its coherence concurrence:
CE(Λ
SA[ρS ⊗ |1〉〈1|A]) >
√
2
d(d− 1)C(ρ
S). (23)
Here the dimension dA of the ancilla is not smaller than
that of the system, dA ≥ d.
Proof. First, we prove that this inequality is satis-
fied for pure state. Then, it is extended to the case of
mixed state. Detailed proof of theorem can be found in
Appendix C.
Corollary 3. If ρS is a maximal coherent state, there
exists an incoherent operation ΛSA such that (23) can
be saturated.
The following result ( Theorem 2 in [14] ) follows
immediately from Theorem 2 and Theorem 3:
A state ρS can be converted to an entangled state via
incoherent operations if and only if ρS is coherent.
5TABLE I. The relations among four coherence measuresa.
C Cl1 RI Crel.ent
Qubit pure state C Cl1 = C RI = H(C)
b
Crel.ent = RI = H(C)
Qubit mixed state C Cl1 = C RI = H(C)
Qudit pure state C Cl1 = C Crel.ent = RI
Qudit mixed state C Cl1 6 C
a C, Cl1 , RI , Crel.ent denote coherence concurrence, l1-norm of coherence, intrinsic randomness measure, relative entropy of
coherence, respectively.
b H(C) labels H
(
1+
√
1−C2
2
)
.
The coherence of quantum states is basis dependent
as well as the entanglement of states [47, 48]. Quantum
coherence is basis dependent by its definition, while en-
tanglement is locally basis independent, i.e., entangle-
ment is invariant under local unitary transformations.
States that are entangled with respect to a given par-
tition in subsystems can be separable with respect to
another partition [47]. However, entanglement usually
change if a global unitary is applied. That is, via global
unitary transformations we can switch from an entan-
gled state to a separable state. For pure states, we can
always switch unitarily between separability and maxi-
mal entanglement. However, for mixed states a minimal
mixedness is required because the maximal mixed state
1
d1d2
∑d1
i=1
∑d2
j=1 |ij〉〈ij| and a sufficiently small neigh-
borhood is separable for any factorization [48], that is,
any unitary transformations can not change the sepa-
rabilty of the maximal mixed state.
Except the maximal mixed state Id
d
, being incoher-
ent in any basis, we can always switch between co-
herence and incoherence. Since coherence is a ba-
sis dependent concept, a unitary operation in general
changes the coherence of a given state. Every state
ρ =
∑d
i=1 λi|ϕi〉〈ϕi| can be unitarily transformed into
an incoherent state UρU † =
∑d
i=1 λi|i〉〈i|, where U is a
unitary operator such that U |ϕi〉 = |i〉. Theorem 2 in
[49] shows that any state being different from the max-
imal mixed state, can be unitarily transformed into a
coherent state.
V. OUTLOOK AND CONCLUSION
The new coherence measure, coherence concurrence,
may raise many interesting problems. One can discuss
whether l1-norm of coherence and coherence concur-
rence coincide. It would be of great interest to study
coherence distribution in multipartite quantum systems
based on the coherence concurrence. An elegant equa-
tion connects coherence concurrence with intrinsic ran-
domness measure for qubit system. More research is
needed to further study the potential link between them
for qudit system. The relation between coherence con-
currence and other coherence measures is also needed
to be further investigated.
In summary, a new coherence measure “coherence
concurrence” is presented for any dimensional quantum
system based on the generalized Gell-Mann matrices. It
satisfies all the requirements for a proper quantum co-
herence measure and is convex roof measure. We show
that any degree of coherence in the initial state of a
quantum system S can be converted to entanglement
between S and the incoherent ancilla A by some inco-
herent operation. In addition, we establish the relation
for the interconversion between coherence and entan-
glement based on coherence concurrence and entangle-
ment concurrence. As a counterpart of entanglement
concurrence for coherence manipulation, we expect that
coherence concurrence can have various applications in
theory of quantum coherence similar to the concurrence
in entanglement theory.
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Appendix A: Detailed proof of Theorem 1
We will show that the coherence concurrence satisfies
all the requirements (C1)-(C4) of a proper quantum co-
herence measures. Here, we only show how to prove
(C2b) and (C4), the proofs for the other requirements
are stated in the main text.
1. Proof of (C2b)
For the pure state, the monotonicity requirement of
(C2b) is,
C(|ψ〉) >
∑
n
pnC(|ψn〉), (A1)
where |ψn〉 = Kn|ψ〉/√pn, and pn = tr[Kn|ψ〉〈ψ|K†n].
It is obvious that this requirement is satisfied, because
the coherence concurrence equals l1-norm of coherence
Cl1 for pure state, and the monotonicity of which has
been proved [4].
6For a mixed state ρ, suppose that ρ =
∑
i pi|ψi〉〈ψi| is
the optimal decomposition that achieves the minimum
value. That is,
C(ρ) =
∑
i
piC(|ψi〉). (A2)
It remains to prove that for incoherent operators ΛICPTP
there must be
C(ρ) >
∑
n
pnC(ρn), (A3)
where ρn = KnρK
†
n/pn and pn = tr[KnρK
†
n]. Note
that
ρn =
KnρK
†
n
pn
=
∑
i
pi
pn
Kn|ψi〉〈ψi|K†n
=
∑
i
pi
pn
pinρin,
(A4)
where pin = tr[Kn|ψi〉〈ψi|K†n] and ρin =
Kn|ψi〉〈ψi|K†n/pin, and we have pn =
∑
i pipin.
It follows that
C(ρ) =
∑
i
piC(|ψi〉)
>
∑
i
pi
∑
n
pinC(ρin)
=
∑
n
pn
∑
i
pipin
pn
C(ρin)
>
∑
n
pnC
(∑
i
pipin
pn
ρin
)
=
∑
n
pnC(ρn),
(A5)
as required, where the first inequality is based on the
conclusion for pure states in (A1) and the last inequality
is due to the convexity of coherence concurrence.
2. Proof of (C4)
For pure state, the coherence concurrence coincides
with l1-norm of coherence, while Cl1 satisfies the re-
quirement (C4) Ref. [11]. Next we need only con-
sider the case of mixed state. It is evident that C(ρ)
could be of that maximal value only if ρ can be de-
composed solely into a statistical mixture of states
from SMCS, however, it is impossible because a mixed
state always has at least two distinct eigenvectors
|ϕ1〉 and |ϕ2〉 with nonzero eigenvalues λ1 and λ2.
Without loss of generality, we can assume λ1 6 λ2.
Then, (λ1|ϕ1〉〈ϕ1| + λ2|ϕ2〉〈ϕ2|) can be rewritten as
λ1|ϕ+〉〈ϕ+|+λ1|ϕ−〉〈ϕ−|+(λ2−λ1)|ϕ2〉〈ϕ2|. Here, the
states |ϕ±〉 are superpositions of |ϕ1〉 and |ϕ2〉 and are
mutually orthogonal. By choosing the superposition pa-
rameters carefully, we can keep |ϕ±〉 are not MCSs even
if |ϕ1〉 and |ϕ2〉 belong to SMCS. That means a mixed
state can never have only decompositions of states from
SMCS. Thus, ρ achieves maximal value iff ρ is a MCS.
Appendix B: Detailed proof of Theorem 2
First, we prove the inequality (21). It is easy to see
that for pure state |ψ〉S ,
C(|ψ〉S) = C(|ψ〉S ⊗ |1〉A). (B1)
For a mixed state ρS , suppose that ρS =
∑
i pi|ψi〉〈ψi|S
is the optimal decomposition, i.e.,
C(ρS) =
∑
i
piC(|ψi〉S). (B2)
Then
∑
i pi|ψi〉〈ψi|S ⊗ |1〉〈1|A is the optimal decompo-
sition of ρS ⊗ |1〉〈1|A. That is,
C(ρS ⊗ |1〉〈1|A) =
∑
i
piC(|ψi〉〈ψi|S ⊗ |1〉〈1|A)
=
∑
i
piC(|ψi〉S)
= C(ρS).
(B3)
Next, we prove that C(ρ) > CE(ρ) for any bipar-
tite state ρ. For pure state |ψ〉 ∈ HM ⊗ HN with the
following decomposition
|ψ〉 =
M∑
i=1
N∑
j=1
ψij |ij〉, (B4)
CE(|ψ〉) can be expressed as [52]
CE(|ψ〉) = 2
√√√√ M∑
i<j
N∑
k<l
|ψikψjl − ψilψjk|2. (B5)
Obviously,
C(|ψ〉) > CE(|ψ〉).
For an arbitrary decomposition of mixed state ρ =∑
i
pi|ψi〉〈ψi|, we have
∑
i
piC(|ψi〉) >
∑
i
piCE(|ψi〉),
which imples that
C(ρ) > CE(ρ).
Specially, there is
C(ΛSA[ρS ⊗ |1〉〈1|A]) ≥ CE(ΛSA[ρS ⊗ |1〉〈1|A]),
which finishes the proof.
7Appendix C: Detailed proof of Theorem 3
To prove this statement, we consider the unitary in-
coherent operation
U =
d∑
i=1
d∑
j=1
|i〉〈i|S ⊗ |i⊕ (j − 1)〉〈j|A
+
d∑
i=1
dA∑
j=d+1
|i〉〈i|S ⊗ |j〉〈j|A.
(C1)
Here ”⊕” stands for addition modulo d, and d and dA
are the dimensions of system and ancilla system, re-
spectively. Note that for two qubits, it is equivalent to
the CNOT gate with S as the control qubit and A as
the target qubit. It can be seen that it maps the state
ρS ⊗ |i〉〈i|A to the state
ΛSA[ρS ⊗ |1〉〈1|A] = U(ρS ⊗ |1〉〈1|A)U †
=
∑
i,j
ρij |i〉〈j|S ⊗ |i〉〈j|A, (C2)
where ρij are the matrix elements of ρ
S =∑
i,j ρij |i〉〈j|S .
First, we prove that the inequality (23) is satisfied for
pure state. For pure state
|ψ〉S =
d∑
i=1
ai|i〉, (C3)
there is
C(|ψ〉S) = 2
∑
i<j
|aiaj |. (C4)
The unitary incoherent operation U maps |ψ〉S ⊗ |1〉A
to
|ψ〉SA =
d∑
i=1
ai|ii〉. (C5)
It follows that
CE(|ψ〉SA) = 2
√∑
i<j
|aiaj |2. (C6)
According to the Lagrange’s identity [53], it is easy to
see that (23) is true for pure states.
For an arbitrary decomposition of mixed state ρS ,
ρS =
∑
i
pi|ψSi 〉〈ψSi |,
it can be easily seen that∑
i
piCE(Λ
SA[|ψSi 〉〈ψSi | ⊗ |1〉〈1|A])
>
√
2
d(d− 1)
∑
i
piC(|ψSi 〉).
(C7)
Then, (23) is satisfied for the case of mixed state.
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